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A density result on the sum of element orders of a finite group
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Abstract. Let ¢ be the class of all finite groups and consider the function
Y"1 4 — (0,1], given by ¢¥"(G) = Té‘cz) , where ¥(G) is the sum of
element orders of a finite group G. In this paper, we show that the image of
1" is a dense set in [0, 1]. Also, we study the injectivity and the surjectivity

of ¥”.
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1. Introduction. One of the main research directions in what concerns the
finite group theory is to introduce new tools that are used to characterize the
nature (cyclic, Abelian, nilpotent, supersolvable, solvable) of a finite group G.
For an element z of G, we denote the order of z by o(x). Approximately one
decade ago, in [1], Amiri, Jafarian Amiri, and Isaacs initiated the study of the
quantity

Y(G) = o(x),
zeG
which is the sum of element orders of a finite group G. Their main result states
that, given a group G of order n, we have ¥(G) < ¥(C,), and the equality
holds if and only if G = C,,, where (), is the cyclic group of order n.
The sum of element orders was used to provide some criteria which indi-

cate that once the ratio ¢'(G) = wl(bé‘CJG)‘) is sufficiently large, then G belongs

to one of the well-known classes of finite groups. For instance, in [6,8], Her-

zog, Longobardi, and Maj proved that if ¢/(G) > %, then G is cyclic. In

[13], Tarnduceanu showed that once ¢'(G) > %, G is a nilpotent group. The
author conjectures that if ¢'(G) > %, then G is supersolvable, this result

being completely proved by Baniasad Azad and Khosravi in [5]. Finally, in
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[7], Herzog, Longobardi, and Maj established that once ¢'(G) > 668, G is
solvable. They outlined the fact that their result may be further improved by
replacing the lower bound g 8 with 2L Indeed, in [4], Baniasad Azad and

1617 "
Khosravi showed that 7,/1’ (G ) > % implies the solvability of G. Note that the
lower bounds 11, é‘z’, 2=, and 12617 are the best possible ones and the equality

between ¢’(G) and each of the previous ratios was also studied in the above
mentioned papers.
In [12], Tarnduceanu considered the ratio

P(G)
GI?”

which is a quantity that is clearly related to the sum of element orders of a finite
group G. Using this ratio, in the same paper, the author provides some criteria
that imply the cyclicity, the Abelianess, the nilpotency, the supersolvability,
and the solvability of G via ¥ (G).

Let ¢ be the class of all finite groups. It is obvious that ¢ (G) € (0, 1] for
all G € 4. Therefore, we consider the function

PG — (0,1]

and we study some of its properties. We denote by 1”| & the restriction of "
to a subclass . of 4 containing all finite groups that satisfy a certain property.

Our main objective is to show that the set containing the ratios " (G),
where G € ¥, is dense in [0,1]. In other words, we prove that the image
(range) of ¥ is dense in [0, 1], i.e

W(G) =

Theorem 1.1. The set
Im ¢" ={y"(G) | G e 9}
is dense in [0,1].
Note that the proof of Theorem 1.1 (see Section 2) also indicates that the
set Im 1"'| is dense in [0, 1], where % is the class of all finite cyclic groups.
Further, we study other properties of ¢” and we focus especially on the

surjectivity and the injectivity of this function. Firstly, we recall the following
two results related to the sum of element orders:

- P(Cpo) = 2;:1“, where p is a prime and o > 1 is an integer (see [6,
Lemma 2.9]);

— ¢ is multiplicative, i.e. if G; and G5 are two finite groups such that
(IG1],1G2]) = 1, then ¥(G;1 x G3) = ¥(G1)¥(G2) (see [2, Lemma 2.1]).

The first result implies that

p2a+1 +1

pe(p+1)

while the second one guarantees the multiplicativity of 9". Hence, we have

ZZ”/(CPQ) =

2c;+1 + 1

k
/ D;
= Hw /(Cpf“) 20
i=1

P+ 1)
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where n = p{'py? - - pp*

It is clear that

is the prime factorization of a positive integer n > 2.

341
<(Cpe) < B e 2, k),
Di + 1 bi P} +1;
the second inequality being a consequence of the fact that the function f :

[1 oo) — (0,1), given by f(x) = %, is strictly decreasing and f(1) =

3 +p for any prime p. It follows that

k

Hp2+ <¢// H pz

i=1 zlpl l

and, moreover, we have

pz
i= 1p1 +p"

(i.e. Cy, is of square-free order).

<:>ai:1, Vie{l,2,...,k}

Let a and r be some positive odd integers. We remark that the ratios o=
which are greater than 1—76 are not contained in I'm 1"”. Indeed, if there is a
finite group G such that ¢"(G) = 5, since ¥"(G) > 176, using [12, Theorem
1.1 ¢, we deduce that G is cyclic. If G is trivial, we obtain g = 1, which leads
to a contradiction since a is odd. If G is not trivial, there i 1s a positive integer
n > 2 such that G = C,,. Let n = pi" p5? - - - pp* be the prime factorization of

n, where p; < py < --- < pi. Then we have

2a+1+1 2a+1

" a _a py T 20
viG) = 2’”(:>11_[1p22a1(pi+1) 2 1;[1 pﬁl H

Since a is odd, it follows that 2 divides the product Hl 1pfc“, so p; = 2.
Hence, we have

k

p; +1 2 20
o pitl i=2
20,41

The products Hl 1 pip% and a Hl 9 pfc“ are positive odd integers and this

leads us to 272291 and 221|2". Consequently, 7 = 2a;, contradicting the fact
that r is odd. This paragraph justifies the following result.

Proposition 1.2. ¢ is not a surjective function.
Let
EQ27) = (z,y | 2® =3y = [z,y]® = 1, [x,y] € Z(E(27))),
be the non-Abelian group of order 27 and exponent 3. Since
79
"3y — 2

Y(03) = v (BET) = o

and C3§ % E(27), the next result easily follows.
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Proposition 1.3. " is not an injective function.

However, for an arbitrary finite group G, there are finite groups G such
that ¢ (G) = ¢"(Gp) implies G = Gy. For instance, if ¥ (G) = ¢"(C3), then
G = 5. Indeed, since ¢ (G) = 2 and 3 > L there is a positive integer n > 2

16°
such that G = C,,. Let n = p{"p5*---p* be the prime factorization of n,
where p; < py < -+ < pr. One may repeat one of our previous reasonings to
show that p; = 2. Hence, we have
3

k k
=@ =" o) [[¥ o) < {1V G < 1
which leads us to a; =1 and o; = 0 for all ¢ € {2,3,...,k}. Therefore, n = 2,
so G = (.

We end this section by outlining an open problem concerning the injectivity
of 1" once we work only with finite cyclic groups.

Open problem. Study the injectivity of the function ¥"|¢ .

We mention that we wrote a code in Microsoft Visual Studio 2019 [10] and,
up to 108, we were not able to find two distinct positive integers m and n such
that " (C,,) = ¢"(C),). Hence, we would say that "

¢ 1s injective.

2. Proof of the main result. In this section, we prove the validity of The-
orem 1.1. First of all, we recall the following preliminary result which is a
consequence of [11, Proposition outlined on p. 863].

Lemma 2.1. Let (x,),>1 be a sequence of positive real numbers such that
lim, ooy, = 0 and Y., @, is divergent. Then the set containing the sums
of all finite subsequences of (zn)n>1 is dense in [0, 00).

A proof of this result is given in [9, see Lemma 4.1], where Lazorec also
studies the density of a set formed of some algebraic quantities. Also, we recall
that the series > .=, i is divergent, where p; is the ith prime number. In
addition, it is known that a continuous function f : (X, 7x) — (Y, 7y ), where
(X, 7x) and (Y, 7y) are topological spaces, has the following property: for any
two subsets A and B of X, if A, = By, then f(A)_ = f(B),, . Here, we

denoted by S, the closure of a set S with respect to a topology . However,
when we work with the usual topology ™ of R, instead of writing S,,, we
simply write S. Finally, we outline the following well-known criterion related

to the nature of two series (see [3, Theorem 10.9]).

Lemma 2.2. Let (ay)n>1 and (by)n>1 be two sequences of positive real numbers

such that limnHwZ—H =a€[0,00|. Ifa € (0,00), then the series Y -, an and
n

Z;'Lozl b, have the same nature.
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Proof of Theorem 1.1. Consider the sequence (ky,)n>1 C Im ¢"|4, where
kn = 9" | ( X cpy)
iel

= 1//'( X C, ),I is a finite subset of N*, and p; is the ith prime number.
iel
Then
2n+1

lim k, = lim w”<><01)— hmH pi

Hence, we have

{ p—r—l ’ I ¢ N*|I| < o0, p; = ith prime number} CIm "y
pi
el

c Im 4" C [0,1].

Consequently, if we show that the first of the above sets is dense in [0, 1], then
Theorem 1.1 holds. Hence, in what follows, we prove that

{ pz ‘ I C N*,|I] < o0, p; = ith prime number} =[0,1].
zEI

Consider the sequence (z;);>1 C (0,00), where x; = ln(pIH) We have

itl
ow o ()
lim +— = lim —5—=1.
i—00 — i—00 =
Pi pi

Therefore, since the series >~ i is divergent, by Lemma 2.2, we deduce that
the series Efil x; is also divergent. It is obvious that lim; .., x; = 0, so all
hypotheses of Lemma 2.1 are satisfied. Therefore, we have

(S

el

I C N+ |I] <oo} = [0,00)

{Zl < ) ) ‘ICN*,|I|<oo,pi=z'th prime number}:[O,oo)
el

{ (Hp’+1> ’ I € N*, |I] < o0, p; = ith prime number} = [0, 00).
iel

Further, we denote the interval (0, co) by Y. Consider the topological spaces
(R, 7g) and (Y, 7y ), where 7 is the usual topology of R and 7y is the subspace
topology on Y. Note that for a subset S of R, we have S,, = SNY. Since the
function

exp: (R,7r) — (R, 7Rr), given by exp(z) =e”, Vz € R,
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is continuous and [1,00) is a closed set of R, we have

i+ 1
{Hpr'_ ‘ I C N* |I| < 0o, p; = ith prime number} =[1, ).
ier 1

Note that

i 1 . .
{H ]i ‘ I C N* |I| < oo, p; = ith prime number}

iel g Ty

i+ 1 , ]
= {Hp+ ‘ I C N* |I] < oo, p; = ith prime number} ny
ier 1l
~ oo nY = [LxInY =[],
Hence, if we consider the continuous function

1
[y —R, givenbe(y):ay Vyey,

we deduce that

{ pj_ 1 ‘ I € N* |I] < o0, p; = ith prime number} = (0,1] = [0, 1].
pi

el

Consequently, our proof is complete. O
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